CI TY TUTORI NG MATHEVATI CS ACADEMY

BASI C MATHEMATI CS
COURSE SYLLABUS

. NATURE AND PURPOSE OF THE COURSE

Basic Mathematics is an introductory course in the foundations, |anguage, nethods, and
principal elenentary structures of mathematics. It is not conceived nerely as a revi ew of
arithmetic, nor as a collection of conputational devices prelimnary to algebra. Its purpose
is to establish those habits of exact thought upon which the subsequent study of pure and
appl i ed mathenmati cs necessarily depends, and to carry the student, in an orderly progression
fromelenmentary mat hematical reasoning and the real nunber systemthrough the fundanenta

i deas of al gebra, geonetry, probability, linear methods, functions, limts, differentiation,
antiderivatives, and the definite integral

Particular attention is given fromthe beginning to axiomatic reasoning, |ogical symbols and
operators, definition, proof, mathematical notation, and the distinction between cal cul ation
and denonstration. These matters are not isolated prelimnary topics: they constitute the

| anguage and net hod by whi ch the whol e course is studied.

The student will be expected not nerely to obtain correct answers, but to understand the
nmat henmati cal statenents being nmade, the assunptions upon which an argunent depends, and the
reasons by which one conclusion follows from anot her.

THE GUI DI NG PRI NCI PLE OF THE COURSE MAY BE STATED SI MPLY:
MATHEMATI CS | S AN ORDERED DEDUCTI VE SCI ENCE

1. GENERAL COURSE COF STUDY

The follow ng subjects constitute the ordinary field of the course. Definitions, principles,
propositions, conputations, constructions, proofs, and methods arising fromany of these
subj ects may be exam ned

A. FOUNDATI ONS, AXI OVATI C REASONI NG, AND NMATHEMATI CAL LOGE C

1. The nature of mathematical abstraction; concrete and mat hemati cal objects

2. Statenents and propositions; truth and falsity

3. Logi cal synbols and operators: negation, conjunction, disjunction, inplication, and equival ence
4. Truth tables, tautol ogies, contradictions, and | ogical equival ence

5. Converse, inverse, and contrapositive

6. Universal and existential quantifiers; negation of quantified statenents

7. Assunptions, conclusions, necessary conditions, and sufficient conditions

8. Definitions, undefined ternms, axions, postul ates, propositions, and theorens

9. Direct reasoning, indirect reasoning, and proof by contradiction

10. Counterexanpl es and the distinction between evidence and proof
11. Elementary rules of inference and the structure of valid argunents
12. The elenentary structure of an axiomatic system consistency and | ogi cal consequence

NUMBER SYSTEM5S AND THE LAWS COF NUMBER

B
1. The set of integers and the set of rational nunbers

2. Fractions, ratios, decinmal representations, and rational arithnetic

3. The set of real nunbers; irrational nunmbers and the real nunber |ine

4. Order, intervals, absolute value, and inequalities

5. Commensur abl e and i ncommensur abl e magni tudes; the significance of sqrt(2)
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Closure, identity elements, inverses, and the conmutative, associative,

Powers, roots, exponents, scientific notation, and nunerical estimation

Divisibility, primes, factorization, greatest comon divisor, and | east common multiple

ELEMENTS OF SET THEORY

Sets, elenents, nenbership, and set-builder notation

Equality of sets, subsets, proper subsets, and the enpty set
Finite and infinite sets

Uni on, intersection, difference, conplenments, and disjoint sets
Venn di agrans and el ementary set identities

Ordered pairs and Cartesian products

Sets as a | anguage for mathematical structure

COMBI NATORI CS

The fundanmental counting principle

Factorials

Permut ati ons

Conbi nat i ons

Counting with and without repetition

El ementary applications of conbinatorial reasoning

PROBABI LI TY

Experiments, outcones, sanple spaces, and events
Probability of an event

Compl enentary events

Union and intersection of events

Condi tional probability in elenentary cases

| ndependent events

Applications of counting nethods to probability

DESCRI PTI VE STATI STI CS

Data, variables, and frequency distributions

Tabl es and graphi cal representations

Arithnetic nean, nedian, and node

Range and el enentary neasures of di spersion

Vari ance and standard deviation in el ementary applications
Interpretation of nunerical and graphical information

The distinction between mathemati cal description and statistica

SYSTEMS OF LI NEAR EQUATI ONS

Li near equations in two and three variables

Systemnms of |inear equations

Consi stent and i nconsi stent systens

Uni que solutions and infinitely many sol utions

Al gebrai c and graphi cal solution of elenentary systens
Equi val ent systens and elim nation nethods

MATRI CES AND DETERM NANTS

Definition, notation, order, and equality of matrices

Row, columm, square, zero, diagonal, and identity natrices
Matri x addition, subtraction, and scalar multiplication
Matrix multiplication and its non-comutativity

Transpose of a matrix

Determnants of 2 x 2 and 3 x 3 natrices

M nors, cofactors, and el enentary determ nant expansion

Si ngul ar and nonsingul ar matrices; invertibility

i nference

and distributive | ans
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Inverse of a 2 x 2 matrix and el enentary matrix equations

SCOLVI NG SYSTEMS OF LI NEAR EQUATI ONS

Augnmented natrices
El ementary row operations
Row- echel on and reduced row echel on fornmns

Gaussi an elimnation and Gauss-Jordan elinination

Matri x methods for systens of |inear equations
Craner's rule in elenmentary cases

Interpretation of determinant conditions for solvability

ELEMENTS OF GEOMETRY

Point, line, plane, segnent, ray, and angle

Paral l elism perpendicularity, congruence, and sinmilarity
Triangles, quadrilaterals, circles, perineter, and area

The Pyt hagorean theorem

El ementary geonetric constructions

Eucl i dean axi omati c reasoning

The distinction between a di agram and a proof

Cl assi cal construction problenms and the role of mathematica

TRI GONOVETRY

Measurenment of angl es; degrees and radi ans
Right-triangle trigononetry

Si ne, cosine, and tangent

Reci procal trigononetric ratios

El ementary trigononetric identities

Sol ution of right and oblique triangles in elenentary cases

Laws of sines and cosines

ANALYTI C GEQVETRY

The Cartesian coordi nate system

Di stance and mi dpoint formul as

Sl ope and equations of straight |ines
Paral | el and perpendi cul ar |ines

Graphs of el enentary equations
Intersection of curves in elenentary cases

VECTORS

Vectors and scal ars

Magni t ude and direction

Vector addition and subtraction

Scalar multiplication

Conponents of vectors

Unit vectors

El ementary applications of vectors in the plane

COVPLEX NUMBERS

The inmaginary unit and conpl ex nunbers

Real and inmaginary parts

Equal ity, addition, subtraction, nultiplication,
Conpl ex conj ugat es

Modul us and el enentary geonetric representation
Polar formin elenmentary cases

Powers and roots in elenmentary cases

and di vi sion

impossibility
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VECTORS | N SPACE

Thr ee- di nensi onal Cartesi an coordi nates
Vectors in R'3

Magni t ude, direction, and conponents
Dot product and orthogonality

El ementary cross product

Li nes in space

El ementary geonetric applications

PLANE ANALYTI C GEOVETRY

Coordi nate description of geonetric |oc

Straight lines and famlies of |ines

The circle

Par abol as

El li pses

Hyper bol as

Transl ation and el ementary anal ysis of conic equations

ANALYTI C GEOVETRY | N SPACE

Coordi nates and di stance in three di mensions
Equati ons of pl anes

Li nes and pl anes in space

Angl es and el enmentary distance relations
Spher es

El ementary surfaces and their equations

SEQUENCES

Definition and notation of a sequence
Explicit and recursive descriptions
Arithmetic sequences

Geonetric sequences

Monot one and bounded sequences

El ementary al gebra of sequences

LIMTS OF SEQUENCES

Intuitive and mat hematical neani ng of convergence
Limts of elenmentary sequences

Limt laws for sequences

Di vergent sequences

Infinite behavior in elenmentary cases

The role of limts in the transition to analysis

FUNCTI ONS

Rel ations and functions

Donei n, codomai n, and range

Function notation and eval uation

Graphs, tables, fornulas, and verbal descriptions
Conposi tion of functions

One-to-one functions and inverse functions
Transformations and el enentary fanmilies of functions

POLYNOM ALS

Pol ynom al expressi ons and pol ynom al functions
Degree, coefficients, and zeros

Addi tion, subtraction, nultiplication, and division of polynomals

Factoring



5. Remainder and factor principles in elementary form

6. Gaphs and qualitative behavior of polynonial functions

7. Rational functions as quotients of polynomals

V. LIMTS OF FUNCTI ONS

1. The concept of a limt

2. One-sided limts

3. Two-sided limts

4. Limt |aws

5. Infinite limts and limts at infinity in elementary cases
6. Algebraic evaluation of linmts

7. Indetermnate forns in elementary exanpl es

W CONTI NUOUS FUNCTI ONS

1. Continuity at a point

2. Continuity on an interva

3. Al gebra of continuous functions

4. Discontinuities

5. Continuity of polynomal, rational, trigonometric, exponential, and |logarithmc functions where
defined

6. Elementary consequences of continuity

X. DERI VATI VES OF FUNCTI ONS

1. Derivative as a limt of a difference quotient

2. Ceonetric neaning: slope of the tangent |ine

3. Rate-of-change interpretation

4. Derivative notation

5. Derivatives of constants, powers, suns, products, and quotients
6. Chain rule

7. Derivatives of polynom al and rational functions

8. Derivatives of elenmentary trigononetric functions

9. Derivatives of exponential and logarithmic functions

H
e

H gher derivatives in elenentary cases

REPRESENTI NG FUNCTI ONS AND MCDELS

I ncreasi ng and decreasing functions

Critical points

Local maxi ma and mi ni ma

Concavity and points of inflection

El ementary curve sketching using derivatives

Optim zation in el enentary nodel s

Rat es of change and nat hemati cal nodel i ng
Interpretation of paraneters and graphi cal behavi or
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TRI GONOVETRI C FUNCTI ONS

Trigononetric functions on the real line

The unit circle

Graphs, periods, anplitudes, and phase shifts
Fundanental trigonometric identities

I nverse trigononetric functions in elenentary cases

Tri gononetric equations

Limts and derivatives involving trigononetric functions
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Exponential functions and their properties

AA. LOGARI THM C AND EXPONENTI AL FUNCTI ONS
1.
2. The natural exponential function



Logarithms and | ogarithmic | aws

The natural |ogarithm

I nverse rel ati on between exponential and |ogarithmc functions
Exponenti al growth and decay

Limts and derivatives of exponential and |ogarithm c functions
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El ementary applications and nodel s

AB. ANTI DERI VATI VES OF A FUNCTI ON

Antiderivatives and indefinite integration

Fam | i es of antiderivatives and the constant of integration

El ementary antiderivative formulas

Anti derivatives of powers

El ementary antiderivatives involving exponential and trigononetric functions
Verification of antiderivatives by differentiation
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AC. ANTI DERI VATI VES | N GENERAL

Linearity of antidifferentiation

Substitution in el enentary cases

Anti derivatives arising fromalgebraic sinplification
Initial-value problens in elenentary form
Antiderivatives as inverse problens to differentiation
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El ementary applications to notion and accunul ation

AD. THE DEFI NI TE | NTEGRAL

Area and accunul ation as notivation

Partitions and Riemann sums at an introductory |eve
Definition and notation of the definite integra
Basic properties of the definite integra

Geonetric interpretation and signed area

The Fundanental Theorem of Cal cul us

Eval uation of definite integrals by antiderivatives
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El ementary applications of the definite integra

[11. THE THI RTY PRI NCI PAL TOPI CS

For purposes of course organization, the principal nmathematical subject natter may be
sunmari zed under the following thirty headi ngs. The foundational work in |ogic, notation,
axiomati ¢ reasoning, proof, and mathenmatical witing acconpani es these topics throughout.

1) The set of integers and rational nunbers
2) The set of real nunbers

3) Elements of set theory

4) Conbinatorics

5) Probability

6) Descriptive Statistics

7) Systens of Linear Equations

8) Matrices and Determ nants

9) Solving systenms of |inear equations
10) El ements of geonetry

11) Trigononetry

12) Analytic Geonetry

13) Vectors

14) Conpl ex Numbers

15) Vectors in space

16) Plane Analytic Geonetry

17) Analytic Geonetry in Space



18) Sequences

19) Limts of Sequences

20) Functions

21) Pol ynom al s

22) Limts of Functions

23) Continuous Functions

24) Derivatives of Functions

25) Representing functions and nodel s
26) Trigononetric Functions

27) Logarithm c and Exponential Functions
28) Antiderivatives of a function

29) Antiderivatives in general

30) The definite integra

I'V. H STORI CAL AND FOUNDATI ONAL THEMES

Hi storical questions will acconpany the mathenati cal work whenever they illunmnate the origin
or nmeani ng of an idea. Anbng these are the devel opment of mathematics from counting and
nmeasurenent; the rise of abstraction and deductive reasoning in G eek mathematics; the

Pyt hagor ean di scovery of incommensurabl e magni tudes; Zeno's paradoxes and the probl ens of
infinity and continuity; the axiomatic organi zation of geonetry by Euclid; Aristotle's

anal ysis of logical inference; the search for a precise | anguage of reasoning; and the

al gebraic treatnment of |ogic associated with George Bool e.

These matters are not introduced as historical decoration. They serve to show why nmathenatics
cane to require definition, abstraction, rigor, and deduction, and why the ideas of limt,
continuity, derivative, and integral belong to a | ong devel opment of mat hematical precision
rather than to a nmere collection of conputational techniques

V. STANDARD COF WORK

Students are expected to wite nathematics in a clear and orderly manner. An answer
unsupported by intelligible mathematical work may receive little or no credit even when the
numerical result is correct. Synbols nmust be used according to their accepted neanings

vari abl es must be identified; equalities nmust be genuine equalities; conclusions nust follow
fromstated prem ses; and any theorem definition, or property invoked in an argunment nust be
used correctly.

Menorized rules are not substitutes for mathematical justification.

Statenents such as "nove it to the other side," "cross multiply," or "flip the fraction" wll
not, by themnsel ves, constitute expl anations.

THE STUDENT SHOULD BE PREPARED TO ANSWER NOT ONLY "WHAT | S THE ANSWER?" BUT ALSO "WHY | S
I T TRUE?"

VI . EXAM NATI ONS AND GRADI NG

The final grade in the course shall be determined entirely by fornmal exami nation.

M DTERM EXAM NATI ON 50%
FI NAL EXAM NATI ON 50%
TOTAL 100%

The midtermexami nation will ordinarily concern the material conpleted during the first
portion of the course. The final exam nation may draw upon the whol e mat henati cal | anguage



and net hod devel oped during the course and will place particul ar enphasis upon the nmaterial
studied after the mdterm Earlier ideas may therefore reappear whenever their use is
necessary for |ater mathenatics.

Exerci ses may be assigned throughout the course and are expected to be conpleted
conscientiously. Their purpose is preparation and mastery. They do not replace exam nation.

VI'1. GENERAL EXAM NATI ON PRI NCI PLE

Unl ess the instructor expressly excludes a topic, any definition, principle, conputation,
proof, notation, construction, theorem or method appearing in the assigned course of study
is FAIR GAME FOR EXAM NATI ON.

STUDENTS SHOULD THEREFORE AVO D THE MODERN AND UNFORTUNATE HABI T OF ASKING "WLL TH' S BE
ON THE TEST?"
THE PROPER QUESTION IS, "DO | UNDERSTAND THE MATHEMATI CS?"

VII1. FINAL REMARK

The title BASI C MATHEMATI CS nust not be mistaken for a pronmise that the course will demand
little thought. The el enentary foundations of a subject are often precisely those matters
which require the greatest care. In this course, 'basic' refers not to triviality but to what
is regarded as basic equi pment for serious subsequent nathenatical study.

The purpose of this course is not to hurry the student toward advanced mathematics. It is to
make the student fit to study advanced nathematics. The course therefore begins wth nunber,
l ogic, set, and proof, and proceeds through the elenmentary structures required to reach the
central ideas of the differential and integral cal cul us.

Bef ore one proceeds farther, one should know how mat hematical statenents are fornmed, how
definitions govern nathematical objects, how conclusions follow fromassunptions, how numnber
systens and functions are organi zed, how synbols are used, and why a proof is sonething
altogether different froma collection of exanples.

A SOUND FOUNDATI ON PERM TS ADVANCEMENT.

AN UNSCUND FOUNDATI ON MERELY PERM TS HEI GHT.

* * * * %

CI TY TUTORI NG MATHEMATI CS ACADEMY
DEFINITION -- LOGE C -- PROOF -- REASON




